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■ Abstract. Let M be a finite module over a commutative noetherian ring R. For ideals 

a and fa of ij, the relations between cohomological dimensions of _A/ with respect to a, fa, 
a n fa and a + fa are studied. When R is local, it is shown that M is generalized Cohen- 
Macaulay if there exists an ideal a such that all local cohomology modules of M with 
respect to a have finite lengths. Also, when r is an integer such that < r < dim ji{M), 
^ : any maximal element q of the non-empty set of ideals {o : HJj(Af) is not artinian for 

some i, i > r} is a prime ideal and that all Bass numbers of HJ|(M) are finite for all 
i> T. 



< 

. 1. Introduction 

Throughout i? is a commutative noetherian ring, a is a proper ideal of i?, X and M are 
non-zero i?-modules and M is a finite (i.e. finitely generated). Recall that the ith local 
' cohomology functor is the ith right derived functor of the a-torsion functor Va- Also, 

' the cohomological dimension of X with respect to a, denoted by cd (a, X), is defined as 

cd (a, X) := sup{i : H;(X) 7^ 0}. 

' In section 2, we discuss the arithmetic of cohomological dimensions. We show that the 

00 ! inequalities cd (a + b, M) < cd (a, M) + cd (b, M) and cd (a + b,X)< ara(a) + cd (b, X) hold 

true and we find some equivalent conditions for which each inequality becomes equality. 
In section 3, we study artinian local cohomology modules. We first observe that over 



o 

> 



' a local ring (i?, m) if there is an integer n such that dim i^{}i^{X)) < for all i < n 

■ (respectively, for all i > n), then IIJ,(X) = IIJ^(X) for all i < n (respectively, for all 

i > n + ara(m/a)) (Theorem l3.2l) . In this situation, if X is finite then IIJ,(X) is artinian for 
alH < n (respectively, for alH > n + cd (m/a, X)), which is related to the third of Huneke's 
four problem in local cohomology [llj. Here, for ideals a C b, cd{b/a,X) is introduced to 
be the infimum of the set {cd (c, X) : c is an ideal of R and Vb = ^/c + a}. It is deduced that 
M is generalized Cohen-Macaulay if there exists an ideal a such that all local cohomology 
modules of M with respect to a have finite lengths (Corollarv l3.4|) . 

Section 4 is devoted to study non-artinian-ncss of local cohomology modules. Note that 
cd (a + Rx, X) < cd (o, X) + 1 for all x € i? [9l Lemma 2.5], we show that if there exist 
xi, ...,Xn e R such that cd (a+ (xi, x„), X) = cd {a,X) + n, then dim /j:(H^'* (X)) > n 
and so Rl'^'^°''^\x) is not artinian fCoroUarv 14. ip . For each integer r, < r < d {d := 
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dim fl(Af)), we introduce £''(Af), the set of all ideals a for which Hj,(Af) is not artinian for 
some i > r. It is evident that if d > then C^(M) is not empty. We show that any maximal 
element q of C^{M) is a prime ideal and that all Bass numbers of (M) are finite for all 
i > r. We conclude that this statement generalizes [U Corollary 2] (see Theorem 14.71 and its 
comment). 

2. Arithmetic of cohomological dimensions 

Assume that a, b are ideals of R and that X is an i?-module. In this section, we study re- 
lationships between the numbers cd (a, X), cd (b, X),cd (a+b, X),cd (aflb, X){— cd (ab, X j), 
ara(a), etc, which are interesting in themselves and we use them to determine artinian-ness 
and non-artinian-ness of certain local cohomology modules in the next sections. 

Lemma 2.1. Let X be an R-module and let t be a non-negative integer such that for all r, 
0<r<t, Rl^^'iRliX)) = 0. Then H*+i,(A) is also zero. 

Proof. By (M) Theorem 11.38], there is a Grothcndieck spectral sequence 

For all r, < r < t, we have E'-"--^ = eI-;^'' since ^ q = for all 

i > t + 2. Note that £'^^2 '" ^ subquotient of E^^^'^ which is zero by assumption. Thus 
is zero, that is E*^'^''' — 0. There exists a finite filtration 

= C C • • • C C 4)°H* = H*+(,(X) 

such that E'^''''' = (f)^-'' H* / (f)*-''+^ for aU r, < r < t. Therefore we have 

= = = . . . = (j,^H* = (fPH^ = H*+i,(X) 

as desired. □ 
The following corollary is the first application of the above lemma. 

Corollary 2.2. For a finite R-module M , the following statements hold true. 

(i) cd (a + b, M) < cd (a, M) + cd (b, M). 

(ii) cd(on b, Af) < cd (a. A/) + cd (b. A/). 

(iii) cd(a,Af) < cd(p,Af). 

peMin (o) 

Proof, (i) Assume that t is a non-negative integer such that i > cd (a. A/) + cd (b, Af). We 
show that H*„"''(H;(Af)) = for all r, < r < t. If r > cd(b, Af), then H*"''(H^(Af )) = 
by the definition of cohomological dimension. Otherwise, t — r > cd(a, Af). Since 
Suppfl,(H;(Af)) C Suppi^(M), cd(a,M) ^ cd(a,H;(Af)) (see Theorem 1.4]). There- 
fore II*"''(H[;(Af)) = 0. Now applying Lemma O we see that H*+(,(Af) = which yields 
the assertion. 

(ii) Consider the Mayer- Vietoris exact sequence 

^ r„+b(Af) r„(Af) © T^{M) — > r„nb(Af) ^ • • • 
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> RU,{M) — . H*„(M) ® HUM) —> HUiM) ^ H*+i (M) — . • • ■ 

and use part (i). 

(iii) As = p, the claim follows from part (ii). □ 

pGMin (a) 

Remark 2.3. In the above corollary, one may state more precise statements is certain cases 
as follows: 

(ii') If cd (a, M) > and cd (b, M) > 0, then cd (o n b, M) < cd (a, M) + cd (b, M) - 1. 
(iii') If R is local and M is not a-torsion, then 

cd(a,Af)< J2 cd(p,M) - |Min(a)| + 1. 

pGMin (a) 

Note that the proof of (ii') is similar to that of Corollary I2.2r ii). For (iii'), we have 
cd(p,Af) > for all p e Min (a) since M is not a-torsion. The result follows by induc- 
tion on I Min (a)|. 

For a general module X , not necessarily finite, we have the following result. 

Corollary 2.4. Let X be an arbitrary R-module. Then the following statements hold true. 

(i) cd (a +h,X)< ara(a) + cd (b, X). 

(ii) cd(an b,X) < ara(a) +cd(b,X). 

(iii) cd (b, X) < cd (a, X) + ara(b/a) whenever a b . 

Proof. The proofs of (i) and (ii) are similar to those of Corollarv l2.2l fi) and (ii), respectively. 
For (iii), let e = cd (o, X) and / = ara(b/a). There exist xi,...,Xf G R such that Vb = 
yj (xi, a;/) + a. Now, use part (i). □ 

We need some sufficient conditions for validity of the isomorphism 11^(11^-'^)) — 
H^^*(,("^)' for given non- negative integers s and which is crucial for the rest of the 
paper, e.g. to determine equalities in Corollarv l2.2r i) and Corollarv l2.4r i). 

Lemma 2.5. Let X be an arbitrary R-module and let s, t be non-negative integers such that 

(a) Rl+'-^RliX)) = for all t e {0, ■ ■ ■ , s + t} \ {t}, 

(b) H^+*-'+^(H;(X)) ^0 for alii e {O,--- ,t - I}, and 

(c) Rl+'-'-\Ri{X)) = for alii e{t +!,■■■ ,s + t}. 
Then we have the isomorphism 11^(11^^)) = H^^^^)- 

Proof. Consider the Grothendieck spectral sequence 

For aU r > 2, let Z^'* = ker(£;^'* — > E^+r,t+i-v^ ^s,t ^ ^^s-r,t+r-i — , 
have exact sequences 

— > B'/ — > Z^'* — > El'l^ — > 

and 

— > Z'/ E'/ — > E'/jZ'/ — > 0. 
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Since, by assumptions (b) and (c), E'+''''+^-''' - - E'-''^'+''-\ E^+''^^+^-^ = = 
Es~rA+r-i_ Therefore Ep*/Zp* = = Bp^ which shows that Ep* = Epl^ and so 

There is a finite filtration 

= C H'+^ C • • • C C = HlXliX) 

such that £;^*"''''' = (jj'^+t-rjjs+t^^s+t-r+ijjs+t f^j. aU T, < r < s + 1. 

Note that for each r, 0<r<t— for< + f<r<s + t, E'^*^'"''" = by assumption (a). 
Therefore we get 

and 



Hence H^(H*f,(X)) = = 0*i7"+7(/)''+ii7''+* H^+;(X) as desired. □ 

Now, we are able to discuss conditions under which the inequalities Corollary 12. 2r i) and 
Corollarv l2.4r i') become equalities. 

Corollary 2.6. Suppose that M is a finite R-module such that (a + b)M ^ M . Then the 
following statements hold true. 

(i) (6,^)1- ^^-j ^ jjcd(a,J\/)|^jjcd(ti,Af)j.^^^^ 

(ii) The following statements are equivalent. 

(a) cd (a + b, M) ^ cd (a, M) + cd (b, M). 

(b) cd(a,M) =cd(a,H;'^('''*^)(M)). 

(c) cd(b,M) =cd(b,ff/("'*^)(M)). 

Proof, (i) Apply Lemma [^751 with s ~ cd (a, M) and t = cd (b. A/). 

(ii) The implications (a =^ h) and (a =J» c) are clear from part (i) and [7, Theorem 1.4]. 
For implications {b a) and (c =^ a), one may use part (i) and Corollary 12. 2( 1). □ 

With a similar argument, one has the following result for an arbitrary module. 

Corollary 2.7. Suppose that X is an arbitrary R-module. Then we have 

(i) H^-W+^d(f'^)(X) =Hr^»)(H;'' (X)). 

(ii) The following statements are equivalent. 

(a) cd(a+ b,X) = ara(a) + cd(b,X). 

(b) ara(a) = cd(a,Hf ^''■^^(X)). 

3. ARTINIAN LOCAL COHOMOLOGY MODULES 

In this section, we study artinian property of local cohomology modules. For this purpose, 
for ideals b 3 a, we introduce the notion of cohomological dimension of an i?-module X 
with respect to b/a. 
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Definition 3.1. Let b 3 a 6e ideals of R and let X he an R-module. Define the cohomo- 
logical dimension of X with respect to b/a as 

cd (b/a, X) :— infjcd (c, X) : c is an ideal of R and \/b = y/c + a}. 

It is easy to see that cd(fa/a, X) < ara(b/o) and, for a finite i?-niodule M, 

cd (b/a, M) > cd (b, M) - cd (a, M) 

by Corollary ESti). Note that when aX = 0, we have cd(b/a,X) = cd(b,X) = 
cd fi/aib/a,X). One may notice that if Suppfl,(X) C Suppfl,(Af), then cd(b/a,X) < 
cd(b/a,M). 

Now, we can state the following theorem. 

Theorem 3.2. Let b ^ a be ideals of R, let X be an arbitrary R-module and let n be a 
non-negative integer. 

(i) //H;(X) is b~torsion for alli,0<i< n, then H;(X) ^ Hj,(X) for alli,0<i< n. 

(ii) IfRKX) is b-torsion for all i > n, then HJj(X) = H\,{X) for all i >n + ara(b/a). 

(iii) Assume that M is a finite R-module and that (M) is b-torsion for all i > n. 
Then Hj,(M) ^ HliM) for all i > n + cd (b/a, M). 

Proof. Let u ~ ara(b/o) and v = cd(b/a,M). There exist G R and an ideal c 

of R such that cd (c, M) = v and ^y {xi, a;„) + a = ^/b = y/c + a. In computing local 
cohomology modules, we may assume that (xi, Xu) + a = b = c + a. Now, for all i, 

< i < n, (respectively, i>n + u, i>n + v,) apply Lemma 12.51 with s = and t = i 
to obtain the isomorphisms T^^^.^^ ,j.^-^(i{\{X)) = 'i{\{X) for alH, < * < n, (respectively, 
r(xi,...,x„)(H;(X)) = H;(X) for adH > n + u, T,{Yl\{M)) = H;(Af) for sd\ i > n + w,). 
Therefore all of the assertions follow. □ 

Corollary 3.3. Let R he a local ring with maximal ideal xn, let M be a finite R-module and 
let n be a non-negative integer, //dim ft{lL^(M)) < for alii, < i < n {respectively, for all 

1 > n), then If^{M) is artinian for all i, < i < n (respectively, for all i > n + cd (m/a, M)). 

Proof. Since II^(A/) is artinian for all i, the assertion follows from Theorem 13.21 □ 

Recall that a finite i?-module M over a local ring (i?, m) is called a generalized Cohen- 
Macaulay module if IIJ^(A/) is of finite length for all i < dim ji{M). The following result 
gives us a characterization for a finite module M over a local ring to be generalized Cohen- 
Macaulay in terms of the existence of an ideal a for which H* (A/) is of finite length for all 
i < dim fl (Af). 

Corollary 3.4. Let R he a local ring with maximal ideal m and let M he a finite R-module. 
Then the following statements are equivalent. 

(i) M is generalized Cohen- Macaulay module. 

(ii) There exists an ideal a such that H^(A^) is of finite length for all i, < i < 
dim r{M). 
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Proof, (i) ^ (ii). It is trivial. 

(ii) ^ (i). This follows from Theorem 13. 2( 1). 



□ 



A non-zero i?-module X is called secondary if its multiplication map by any element 
a of i? is either surjective or nilpotent. A prime ideal p of i? is said to be an attached 
prime of AT if p = (T -.ji X) for some submodule T of X. If X admits a reduced secondary 
representation, A = Ai + A2 + • • • + A„, then the set of attached primes Att r{X) of A is 
equal to {y/0 -.r X^ : i = 1, • • • , ?i} (cf. [12 ). 

Assume that M is a finite i?-module of finite dimension d and that a is an ideal of 
R. It is well-known that II^(M) is artinian. If (i?, m) is local, then the first author and 
Yassemi in [TJ Theorem A] (see also (THl Theorem 8.2.1]) showed that Attfl(H^(M)) = 
{p e Asshfl(M) : H^'(i?/p) ^ 0} which generalized the well-known resuh Att fl,(H^(M)) = 
Asshfl(Af)(= {p e Supp r{M) : dim(i?/p) = d}) (see [HI Theorem 2.2]). In the following 
remark, those ideals a for which Att /j;(H^(Af )) = Asshfl(M) are characterized. Denote the 
height support, hSuppfl(Af), of M as the set of all p e Suppij(Af) such that p G V(q) for 
some q e Asshi^(A/). 

Remark 3.5. Let {R, m) be a complete local ring and let M be a non-zero finite i?-module 
with KruU dimension d. Then the following statements are equivalent. 

(i) Et{M)^lliiM). 

(ii) AttJ^(H^(M)) = Assh;^(Af). 
(in) V(a) n hSuppfl(Af) = {m}. 

The proof of (i) =J> (ii) is clear. To prove (ii) (iii), one may use Lichtenbaum- 
Hartshorne Vanishing Theorem. For (iii) (i), choose a submodule N oi M such that 
Assr{N) = Ass r{M) \ Asshi^(Af) and Ass r{M/N) = Asshfl,(A/) to obtain U'^iM) = 
H^(Af/Ar) and H^(A/) = RiiM/N). Therefore Supp i?(H;(A//A^)) C {m} for all i. Apply- 
ing Theorem 13.2( 1]) gives the claim. This remark shows that if M is equidimensional, then 
Attij(II^(Af)) ^ Asshij(Af) for each ideal a with htM(a) < dimi^(Af). 

Recall that, an i?-module X is said to be minimax if it has a finite submodule X' such 
that A/A' is artinian (See [T5]). Note that the class of minimax modules includes all finite 
and all artinian modules. We close this section by showing that if m is a maximal ideal 
containing o, then II^(Af) is artinian for <n (respectively, for all i > n + cd (m/a, A^)) 
whenever H^(Af) is minimax for all i < (respectively, for all i > n). We first bring an 
analogous lemma as Lemma |2. II 

Lemma 3.6. Let X be an R-module and let t be a non-negative integer such that 
H^~'^(H'[, (A)) is artinian for all r, < r < t. Then H*_|_[,(A) is artinian. 

Proof. By the Grothendieck spectral sequence 



:=HP(H^(A))^H^+^,(A), 



the proof is similar to that of Lemma 12.11 



□ 
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Theorem 3.7. Let m be a maximal ideal of R contains a, let X be an arbitrary R-module 
and let n be a non-negative integer. Then 

(i) J/H^(X) is minimax for alii, <i < n, i/ie«Hj^(X) is artinian for alii, <i < n. 

(ii) If}i]j{X) is minimax for all i > n, thenill^^X) is artinian for all i > n + a,Ta{m /a). 

(iii) Assume that M is a finite R~module and that H^(M) is minimax for all i > n. 
Then iV^{M) is artinian for all i > n + cd{m/ a, M). 

Proof. By considering lemma 13.61 this is similar to that of Theorem 13.21 □ 

4. NON-ARTINIAN LOCAL COHOMOLOGY MODULES 

In this section, we study those local cohomology modules which are not artinian. The 
following two results give us many non-artinian local cohomology modules. 

Corollary 4.1. Let X be an R-module, let n be a positive integer and let Xi, Xn € R such 
that cd(a+ {xi, ...,Xn),X) cd(a,X) + n. Then dim ^(H^'^ (X)) > n. In particular, 
jjcd(a,x)(-^^ is not artinian. 

Proof. By Corollary [53^1), ara(a;i, a;„) = n. By Corollarv l2.7r ii) and Grothendieck Van- 
ishing Theorem, we have dim fl(Hf ^"'^^ (X)) > n and so (X) is not artinian. □ 

Corollary 4.2. (cf. [2, Proposition 3.2]) Let {R,m) be a local ring and let M be a finite 
R-module with Krull dimension d. Assume also that a is generated by a subset of system of 
parameters xi, Xn of M of length n. Then dim jj(H^'^ (M)) = d — n. In particular, 
ifn<d, then R^'^'-''-^'^'^ (M) is not artinian. 

Proof. There exist Xn+i, € R such that xi, Xd is a system of parameters of ill. Set 
b — {xn+i, Xd). As m = + b + Ann ji{M) , we can, and do, assume that a + b = m. 
By Corollary 12. 2r i). cd (a, AI) — n and cd (b, M) = d — n. Now, by using Corollarv l2.6f ii). 
we obtain dim/f(H^'(M)) ^ d — n. On the other hand, we have dim i^(H^(Af)) ^ d — n since 
Suppfl(H;^(M)) C Supp;^(M/aM). Thus dim i^(H;^(M)) = rf - ?i as desired. □ 

Now it is natural to raise the following question. 

Question 4.3. Assume that M is a finite R-module and that H^*^ (Af ) is not artinian. 
Is there an element x in R such that 

cd (a + Rx, M) = cd (a, M) + 1? 

It is clear that the above question has a positive answer if R is local and a is generated 
by a subset of system of parameters of M of length smaller than dim n{M). 

In the rest of the paper, we study the set of ideals b of i? such that IIJ,(M) is not artinian 
for some non- negative integer i. 

Definition 4.4. Let M be a finite R-module and let r be a non-negative integer. Define 
the set of ideals 
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>C''(A/) :— {b : H\,{M) is not artinian for some i > r}. 

Note that CiM) is the empty set for all r > dimfl(Af). If < r < dimi^(M), CiM) 
is non-empty by Corollary 14.21 In the following remark, it is shown that the set C^{M) is 
independent of the module structure. 

Remark 4.5. Assume that L, M and N are finite R~modules and that r is a non-negative 
integer. Then the following statements are true. 

(i) //Supp^(iV) C Supp^(M), then C{N) C C{M). 

(ii) // — > L — > M — > N — >Q is an exact sequence, then ^{M) = C{L)\JC{N). 

(iii) r{M) = U C-{Rlp). 

peAssn(M) 

Proof, (i) Assume that a is an ideal of R which is not in C^{M); so that Hg(M) is artinian 
for all i > r. Therefore H^(Af) is artinian for all i > r by [H Theorem 3.1], that is a does 
not belong to r{N). Thus CiN) C r{M) as desired. 

(ii) By (i), r{M) 2 J0''{L) U CiN). Assume that o G £''{M). There exists an integer i, 
i> r, such that H* (M) is not artinian. Now, by the exact sequence H^(L) — > H^(M) — > 
H^(A^), the other inclusion follows. 

(iii) By (i), we have the inclusion C{M) D ^p^hssR(M)^^{^/P)- Assume, conversely, 
that b ^ Upg^gg^(j,j)£'"(i?/p). There is a prime filtration = A/q C A/i C • • • C Mg = M of 
M such that, for all j e {1, • • • ,s}, Mj/Mj^i = R/pj for some pj e Suppfl(Af). For each 
j e {1, • ■ ■ ,s}, there is G Ass r{M) contained in pj and thus, by assumption and part 
(i), b ^ C[R/pj). Now, by applying H*[,(— ) on each exact sequence 

— > Mj — > Mj+i — > Mj+i/Mj — > 0, 

it follows that b ^ CiM). □ 

Before bringing the main theorem of this section, recall the following result which is 
straightforward from the fact that, for an i?-module X and for each a E R, the kernel 
(respectively, the cokernel) of the natural map X — > X^ is h5jq(A") (respectively, H}j^(A")), 
where X^ denote the localization of X at set {1, a, a^, a^, • • • }. 

Proposition 4.6. For any R-module X and for any a G R, there are exact sequences 

R],M''ix)) ^ K+Ro.ix) KaiKix)) — > 0, 

for all i > 0. 

Proof See [H Proposition 8.1.2] (see also O Theorem 2.5]). □ 

The ith Bass number of X with respect to the prime ideal p of R, denoted by /i'(p, X), is 
defined to be the number of copies of the indecomposable injective module Efl(i?/p) in the 
direct sum decomposition of the ith term of a minimal injective resolution of X, which is 
equal to the rank of the vector space Ext (A:(p), Xp) over the field fc(p) = Rp/pRp. When 
(i?, m) is local, we write M*(X) := ii'^{m,X) and refer it the ith Bass number of X. 
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In the following theorem, we study Bass numbers of certain non~artinian local cohomology 
modules. 

Theorem 4.7. Assume that (-R, m) is a local ring and that M is a finite R~module with 
Krull dimension d. Let r < d be a fixed non-negative integer. Then for each maximal 
element q of the non-empty set [M), 

(i) Ai^(H* (M)) < oo for all j>0 and all i > r. 

(ii) q is a prime ideal. 

Proof, (i) As H^(M) is artinian for all i > 0, we have q 7^ m. Choose an element a; G m \ q. 
Thus H*_|_^2,(M) is artinian for all i > r. Using the exact sequence 

^ H),,(H;-i(Af)) u^+nAM) h?,,(h;(m)) 0, 

it follows that, for each i> r, the modules Hjj.j.(H* (M)) and H5j.^(H* (M)) are artinian and 
so they have finite Bass numbers. It follows by ^Sj Theorem 2.1] that /^^ (II*(M)) < 00 for 
all j > and all i > r. 

(ii) Assume that x,y e m \ q such that xy E q. As q + Rx and q + Ry properly contain q, 
it follows that the modules II*^^^(Af), II*^^y(Af), and tlq-f-ux+Ryi-^^) artinian for all 
i > r. Applying the Mayer- Vietoris exact sequence 

we find that ^lq+iix)n{c\+Ry)i-^^) artinian for i> r. Note that 

Vq C ^(q + Rx) n (q + Ry) 
= y /{q + Rx){q-h Ry) 
= A/q2 + qx + qy -t- Rxy 

and hence iilcf+B^x)n{(]+B:y)i^'^) — Hq(Af) is artinian for i > r. This contradicts the fact that 
q G C^{AI), and so q is a prime ideal. □ 

There have been many attempts in the literature made to find some conditions for the 
ideal a to have finiteness for the Bass numbers of the local cohomology modules supported 
at o. In 5, Corollary 2], Delfino and Marley showed that the Bass number /^'(p, H^(Af)) is 
finite for all p £ Spec R and all i, j whenever M is a finite module over a ring R and a is an 
ideal of R with dim_R/a — 1. 

Assume that a and b are two ideals of a local ring {R, m) with dim (i?/a) = dim (i?/b) = 1 
such that V(a + b) = {m}. Write the Mayer- Vietoris exact sequence 

R^M) ^ UiiM) ® UliM) ^ Ui^.iM) U^\M). 

As HJf,(M) is artinian for all i, we find that II^|-,(,(Af) has finite Bass numbers if and only if 
both II^(Af) and ill{M) have finite Bass numbers. Therefore 5, Corollary 2] is equivalent 
to the case where the ideal a is prime. 
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Comment. Assume that p is a prime ideal of R such that dim {R/p) — 1 and r is the 
smallest integer (if there is any) such that Hp (A/) is not artinian. Thus p is a maximal 
element of £''(1/). By Theorem fi^{Hl{M)) < oo for all j > and ah i>r. As ffp(M) 
is artinian for all i < r, all Hp(Af) have finite Bass numbers. Thus Theorem 14.71 generalizes 
Corollary 2]. 

Acknowledgement. The authors would like to thank the referee for the invaluable 
comments on the manuscript. 
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